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Due to the importance of fractional differential equations in solving many problems, researchers
have paid attention to them in recent decades. One of the most important methods used to solve these
equations is the hybrid spectral clustering method .

We employed the law of impulse mass and Bernoulli's polynomials to solve this equation

g (t,f(t),DBOf(t),Dﬁlf(t), --.,Dﬁrf(t)) =0,0St<1L,By>pB > >> B
I - (1)
where the initial conditions are
fO0)=£f  i=01,..[8]-1. (2)
In this research, we will rely on the fractional derivative in the sens e of Caputo.

We will need Riemann-Liouville fractions to solve the fractional derivative and use numerical
methods to calculate it

Preliminaries
Now we will review the basic concepts that we will use in this research.
Let D” be the Caputo derivative operator and I” be the Riemann -Liouville
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fractional integral operator , fulfills the following property:

m-—1

I'B_aDBf(t)=Daf(t)— z f(i)(O)m, O<a<p,t>0, 3)

i—a
i=[a]

The hybrid consisting of pulse mass functions and Bernoulli polynomials can be defined as
follows:

hm®n=1212.,N , m=1,2, ..M,ontheinterval [0, 1) as
n—1 n
B, (Nt — 1 E|—, —
hnm(t)={ nWe=n+1), te | == )
0, otherwise,

where n is the order of bloc k - pu Ise func tions and m is the order of Bern oulli po lynomial Bm(t),
which is given by the follo wing formula

m
m
k=0
in which am are the Bernoulli numbers.

Riemann - Liouville integral of the hybrid functions
The Riemann-Liouville equation is considered one of the most important hybrid equations
using the fractional integration operator hnm(t), and the result was as follows:

{8 n—1 n
5 Ibnm(t): N St<ﬁ'
P
() |bfm(t)—bfm(t), NSt<o,
kO, otherwise,
where
m k NT‘ _
b () = Zit-o L (k ) (r) “m—k@(l —n)k"
T(r+1)th*r tﬁ‘l("T'ltf)Hl . 4 fnet
T(r+f+1)  (r+DI(B) 2F1 (7” +11-Bir+2; (T tf)) ’
and
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where  ,F;(a, b; c; z) is the hyperg eometric function
Suppose that

H(®) = [h1o(®), s ham (), oo (), oovs oy (), oovs Ao (£, wov, Ry ()17
Then, the Reimann-Liouville fractional integral of the basis vector H(t) is obtained as
IPH(t) = HF (1), (4)

whereas
Hﬁ(t) = [Iﬁhlo(t); ey Iﬁth(t), IﬁhZO (t), (LY IﬁhZM(t)r ey I'BhNO(t)J ey I'BhNM (t)]T

Numerical method
Now we will use the properties of the hybrid Bernoulli function that we mentioned previously to
solve equations (1)-(2). To this end, let us assume that

DPof(t) = ATH(¢). (5)

Where A is the unknown coefficient vector. using (3) with p = fo and a = 0 and (3) , also taking
the initial conditions (2) into account, we get:

[Bol—1 . [Bol-1 ,
f(t) = IPoDPof(t) + Z f(f)(O);—:EATHﬁO(t)+ Z fjj_—], ,(6)
Jj=0 ' j=0 '

In the same way it works, fork =1, 2, ... ,p, we get
[Bol-1

DBrf(t) = ATHPo-Pr(t) + z fi— t/ — By
j=[Br]

G=Bc+1) ° )

By substituting (5)&(7) into (1), we have
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[Bol-1 y [Bol—-1 £ ﬁ
g| t,ATHPo(t) + Z fi =, ATH(t), ATHPo~P1(t) + z fi s, ., ATHPoBr (1)
- J! 4 rG—-p+1)
J=0 j=[B1l (8)
[Bol—1 Li=Br
+ Y fm—e | =0
rg—-pg,+1
Jj=1Br] G=b+1)
Suppose that
t —1 (2 + Vn +2i—1 = 1,2 N, j=01 M
v =oy\\myny )T =2 N =010 M,

which is the shifted Gauss-Chebyshev points. Now, consider ¢ =t;; in(8) a system of non
linear algebraic equations in terms of the un known parameters of the vector A is obtained.

We note that when solving the component system, we will obtain an approximate solution to
problems (1) & (2) is given by (6).

Example. We will now provide an example that demonstrates the accuracy and efficiency of the
proposed method. We will choose the following fractional differential equations

D°'5f(t)+f(t)—\/f—g=0,0<t31

f(0)=0

The exact solution of this problem is £(t) = vt . We have applied the method with

different values of M and N. Table 1 Displays the absolute error at some specified points with M
=4 and N =1, 4. Moreover, the numerical solutions obtained by N =1 and M = 1& 2, together with the
exact solution are plotted in Figure 1.

Table 1. Numerical results withM=4and N=1, 4

T M=4,N=1 M=4, N =
4

0.2 5.982 x 10 6.231 x
107

0.6 1.163 x 107 9.682 x
107

1.0 4.404 x 1075 3.674 x
107
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Figure 1. Numerical solutions obtained by N=1and M =1 & 2 together
with the exact solution for Example

Conclusion

We have assumed a numerical algorithm based on the hybrid Bernoulli equation to solve High
order differential equations. The algorithm relied on the fundamental properties of hybrid functions and
transformed them into a nonlinear algebraic system. Then we solved an example using this algebraic
system.

References

1. A. Bolandtalat, E. Babolian and H Jafari, Numerical solutions of multi-order fractional
differential equations by Boubaker polynomials, Open physics, 14(1) (2016), 226—230.

2. S. Mashayekhi, Y. Ordokhani and M. Razzaghi, Hybrid functions approach for nonlinear
constrained optimal control problems, Communications in Nonlinear Science and Numerical
Simulation, 17(4) (2012), 1831-1843.

3. I. Podlubny, Fractional Differential Equations, Mathematics in Science and Engineering V198,
Academic Press, 1999.

4. H.M. Srivastava and J. Choi, Zeta and g-Zeta functions and associated series and integrals,
Elsevier,2012.

5. H.M. Srivastava and P.G. Todorov, An explicit formula for the generalized Bernoulli
polynomials, Journal of mathematical analysis and applications, 130(2) (1988), 509-513.

730 " Published by “ CENTRAL ASIAN STUDIES" http://www.centralasianstudies.org

Copyright (c) 2023 Author (s). This is an open-access article distributed under the terms of Creative Commons
Attribution License (CC BY).To view a copy of this license, visit https://creativecommons.org/licenses/by/4.0/



